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1. INTRODUCTION

Alspach’s mapping is an example of a nonexpansive mapping on a weakly compact, convex subset of L'[0,1] that is fixed point free.

Recall that although we defined Alspach’s mapping, T, on
C:={feli0,1:0< f(z) <1, Vzre|01]},

it is not fixed point free on this set. It is fixed point free on

In [4] and [12] modified versions of Alspach’s mapping are presented and shown to be fixed point free on all of C. Both of these
mappings have a unique minimal invariant set in contrast to Alspach’s mapping. In this chapter, we will explore Sine’s mapping [12].
Sine showed that the mapping we refer to as”Sine’s mapping” (S) is fixed point free on C using techniques similar to those found in [1].
The existence of at least one minimal invariant set is obtaining easily using Zorn’s lemma. That was essentially the extent of knowledge
concerning Sine’s mapping prior to this work. Here, we will develop the tools to show that (1/2) [0, 1] € Dy(f) for all f € C. This
will give us the existence and uniqueness of a minimal S-invariant subset of C without the use of Zorn’s lemma. As with Alspach’s

mapping, there is an iterative method for constructing from below. We will also give some supersets of the minimal invariant set.

©.1) .1 10‘1)‘ T T

©0) £ Y (1,0 0,0) H— 2 (1,0)

The figure to the left represents a function, f, in C and the line y = 1/2. The figure to the right represents Sf and the line x = 1/2.
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2. Preliminaries
Recall Alspach’s mapping
(Tf)(x) :=cut (0,1,2f (2x)) xg, , (x) +cut(1,2,2f(2x - 1)) xg, , (x).
Now, we define S: C—C by
S(f) := xwu I'(f), forall feC
We will use the properties of the cut function and additional properties here. Let a,b,c,M €ER where 0<a<b<M. Then

b—a— cut(a,b, c) cut(M = b M —a. M - ¢).

The interested reader can verify this property by considering the three cases: c<a, ¢ € (a,b), and c2b. Furthermore,

when (1). A, b, ¢, and M are as above
(2). f,g €C have disjoint support, and
(3). Sup (f) Usup (g) =1 € [0, 1],

we have the following:

(b—a)y; —cut{a. b, f+g)=cut(M —=b M —a. My;-f-gq)
cut(M = b M — a, M x,uppir) + MXoauppia f-g9)

cut(M — b, M —a. M X, uppis )

Feut(M —b M —a, Mx,.pme q)
cut(M — b M —a. My, ) —
eut(M — b, M —a. Mypa G ) Xavppig)-

3. Iterates and Minimal Invariant Set

To explore the powers of S, we will first need an auxiliary function. For fixed n €N, take i EN, such that 0< i <2™. To define o, first

write

with d; €{0,1} V j, which is a base 2 representation. Then let

n-1l n-l
Oanl?): le.‘u 25 .-:I:'.".'”‘ - Z (1 day,_2; |I|I:'."'".

So. aa()) 1. 17.-:11 3. IY‘»I'.': 0. and 17‘{:‘: 2.
In order to use induction later, we will need a relationship between 6™ and 6" ®™_ Since 6 is not defined for odd subscripts, we could

remove the 2. However, it is convenient to have the subscript represent the number of digits used in the binary expansions of numbers

in the domain. Also, we will see that 6™ is used in the formula for $’*. The needed relationship between 6™, o™, and 6" " is given

by the following lemma.

Lemma: 3.1. For n,m €N, take j EN, such that 0 <j < 2”™ and fork EN with 0< k< 2°, we have
Tani2m (2™ 4 i) 2"“,7.,.”| j) + o, (k).
Proof. Before we get too far into the proof, we should note that dzm+1(22mk+j) =dy(k), for all 01 <2 nand
Cite this article as: S Gowrisankar, J Manonmani, J Logeshwari. “The Unique Minimal Invariant Set of Sine’s

Mapping”. International Conference on Systems, Science, Control, Communication, Engineering and Technology
2016: 703-707. Print.



International Conference on Systems, Science, Control, Communication, Engineering and Technology 705

d, (2k+j)=d,(j), for all 0<Xh< 2m. Now, consider

oy, (k) + Z Ay 25 ‘.l_[n'_"""“""l . .i:.ll d,,, 2p ,‘:'l':'."."".'-

which concludes the proof of Lemma 3.1. Now, we are well prepared to prove the following:

Theorem: 3.1. For n€EN and f €C,

8" f(x) E cut (02,(1), 02, (2) + 1.2 f (272 — i) x g, ... (2).
i=0
©n 2 (1.1) 0.1) - (1.1) @y - 1 (1.1)
R1
R R1 i
©0 B 4 (1,0) 00) L 19 00 = = o
Blank T Bank S Blank

If the graph of a function, f, in C is broken into 2 regions as in the figure to the left, the graph of Tf can be constructed by resizing the

portion of the graph of f and translating it to the appropriately labeled position in the ﬁgure to the right and adding line segments to
ensure that Tf is also in C(center). Flipping the graph about the y= 1/2 axis gives Sf(right). This is denoted by the upside down region

labels. Also, Sis denoted by S in the figure.
Proof. We will use induction. To begin, we show the theorem holds for n=1. Recall that

Ty Zrmln- + 1,2 (2x — ) XE. .-

=0

8f=xp0a-Tf

1

X[0.1 Ztuﬁu- 20 (2x = 1)) xe,

Zuxt(l 1,2 =4, 2x100 — 2f (2x — ) x¢

0.1) o ©
R3
R2 "1 R3 ox =Y
R1
0o L ! (1,03 (0,0} L] iR2 {(1.0) o) 28 S 100.0)
Gunk T Blank S Blaek
Q1) . - - S O - - - (1
o = o z ®1 "3 RO R2
) 00 (o (1.0
TS Blank 52 Blank

8 f =) cut (1 - 3,2 - j.2xp.) — 28f (2x — j)) X
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1 1
= ZZNH(‘.’: +1=J.204+2— 5. 4f(dx = 2) —3))Xk,,.., XE,

j=0 i=0

3
= Z cut (oa(k),oa(k) + LAf (4% — k) Xk s,

k=0
2t

8 f = 3 cut (Gaa(i). 02a(i) + 1.2 f (2x = i)) X, .,

. =0
32:"."] - S'.'s!nf
s
Z cut (2(3), 02(3) + 1. 48 f (4x — j)) x&

j=0
g3ne3_)

Il

= 3 cut (oa,ia(k). oanialk) + 1,222 f (227435 —

k=0

where k=22“j +i. This concludes the induction and our proof.

Lemma: 3.2. For any f €C and sE€S,

0,1) 0.1

U) XE@ 3021

706

Proof. Since s € S is a finite sum of constant functions on intervals of the form E;,, it suffices to show Lemma 3.2 holds for

§=YE(,20), Where n€N and 0<1 <2’ Fix mEN. We have that

( aintam )
[0.2]

-,'.'u-'.'mf (22no'.'lux _ ') )\I.“_ .

Y cut(oansam(i) Oansam(i) + 1,

From here we wish to reorder the terms in the summation. To that end, define B :={j EN|0<j <2’} and A :={2""1} +B. Notice
] ]

that we are summing over A. Now, using Lemma 3.1

O2min(A) = Cami2a({2*™1} + B) =

[0.1)

.
= / cut (2*" 74, (§) + 02, (1). 20
- j=0 "0
| |
}/ :—- (n+m f\!, , ___/ n.m’mlf\' - }
(0. 0.1] |

Tam (B) + {o2.(1)} .

for I, 1, € N with 0 <1, < 2*" and 0 < I, < 2*". Also, it is easy to verify that

k=0 " 01

! I 1 '
‘/ ST X B~ 5 I|
10.1] 0,1

1 | 2 -1
ain ‘.‘" +2 2m 4 2
- K k=0 " 10.0]
e 1 X l‘\ I‘Jrn~.'n Q2m+2n
<= Z | Foan = | S X,
- P b Y00
1
= ——— — (), asm — 00!

A"

O2m (i) + 024(0) + 1,272 f)
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which concludes Lemma 3.2.

Theorem: 3.2 For all _' e C. § .f CONVETGes we 1!".."[/ fo .f y X10.1 and §*"* ‘.f COnverges weakly to (1 ! 12 X0
Lemma;: 3.3 For every f € C, ixua) € D (f) and Dy (5xp00)) € D (f).
Proof. Take f € C. From Theorem 3.2, SZ"fconverges weakly to Flly X and 570
converges weakly to (1 fI,) Xwo.a)- So,
flly Xjo.1) € @m0 (U,en{8*" f}) € Do(f)

(1 fI1,) Xo) € Eomw (U, W8 ) D_(f).

1 1 1 )

X0 = 5 Il X0 + 5 (0= 1F,) Xy € DS,
because D (f) is convex. D_(f) is also S-invariant and closed. Thus, D | :\ o) € D (f)
for every n € N and D (sx0.)) € D (f). O

Theorem: 3.3. D,, ((1/2) X0 1)) is the unique minimal invariant subset of (S, C).

Proof. Obviously, D, ((1/2) X . 1)) is non-empty, closed, convex, and S-invariant. Suppose M is a non-empty, closed, convex,
invariant subset of D((1/2))p,1) - Choose any f € M. Recall that D,(f) CM. Lemma 3.3 implies D((1/2)),) EM. So, M =
Doo((1/2)Yy0,1))- Therefore, Dy((1/2)),1}) is a minimal invariant set. Let BEC be any minimal invariant set. There is an f €B, because
B is non-empty. So, Dy((1/2)%0,1)) ED(f)=B. Thus, D.((1/2))0) is the unique minimal invariant set for (S,C).

Theorem: 3.4. Sine’s mapping, S, is fixed point free on C.

Proof. First, recall that the singleton containing any fixed point must be minimal invariant. Now, assume that S has a fixed point in C.
Since Dyo((1/2)%0.1) is the only minimal invariant subset of C by Theorem 3.3, it must be the singleton containing the fixed point.
However, S((1/2)X0.1)) = X1 /2.1ja 00t equal to (1/)2)y;, which give the contradiction. Thus, § is fixed point free on C.

4. Discussion of Sine’s Mapping

This is possible without using Zorn’s lemma because we have a formula for the iterates of S’. The formula actually leads to much more
that just the removal of a set theoretic axiom. Without a formula for the iterates of S, it is relatively easy to see that all minimal
invariant sets of S must be subsets of C,,,. However, the number, geometry, and elements of such sets were hard to even guess. Now,
the minimal invariant set, D.,((1/2)Xp.) can be built from below using the definite of D,. Moreover, any invariant superset of
D, ((1/2))0,17) can be used to exclude some elements of C from belonging to the minimal invariant set as well. There are similarities
between (T,C) and (S,C), and a few important differences. S is actually fixed point free on all of C, whereas T is not. This makes
Sine’s mapping somewhat more functionally useful. Also, T has a family of minimal invariant sets, whereas S has a unique minimal
invariant set. This makes T a perfect example to have in mind while reading [6], since it explores characteristics of parallel families of

minimal invariant sets.
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